Abstract. An e-Vogan diagram is a Dynkin diagram overlayed with some additional structure. This paper develops the theory of e-Vogan diagrams for "almost compact" real forms of indecomposable twisted affine Kac-Moody Lie algebras. In the paper we show that there exists a bijective correspondence between the equivalence classes of e-Vogan diagrams and the isomorphism classes of almost compact real forms.
Introduction
A Vogan diagram is a Dynkin diagram with a diagram involution, such that the vertices fixed by the involution are either painted or unpainted. In [7] , it was shown how Vogan diagrams could be used to give a classification of finite-dimensional real semisimple Lie algebras.
The Kac-Moody Lie algebras are an infinite-dimensional generalization of the semisimple Lie algebras via the Cartan matrix and generators. A classification of the almost split real forms of the Kac-Moody Lie algebra have been given in [4] and H. Ben Messaoud and G. Rousseau gave a classification of the almost compact real forms in [11] . In [1, 2] , the corresponding theory of Vogan diagrams for the non-twisted affine Kac-Moody algebras was developed by P. Batra In this paper we modify the definition of the Vogan diagrams for the twisted affine KacMoody algebras and prove the above results for the twisted affine Kac-Moody algebras. The modified Vogan diagram is called an e-Vogan diagram (abbreviation for extended Vogan diagram). In addition to the structural information superimposed on a Vogan diagram, an e-Vogan diagram contains numerical labels on the vertices of the underlying Dynkin diagram as given in Figure 1 . Using the structure of the Weyl group of a twisted affine Kac-Moody algebra, the equivalence relations among the e-Vogan diagrams are suitably defined. With the modified equivalence relations at hand, the main theorems, Theorem4.6 and Theorem 4.7, are proved.
For non-twisted affine Kac-Moody algebras Theorem 1.1 provides a one-one correspondence between suitably defined equivalence classes of Vogan diagrams and isomorphism classes of almost compact real forms. For twisted affine Kac-Moody algebras the two main theorems of the paper do the same job. Given an affine Kac-Moody Lie algebra g, the notion of a realisation of g adapted to an almost compact real form of g was introduced in [11] . The "adapted realisation" of g plays a significant role in the proofs of the main theorems. This paper is organized as follows: Section 2 reveiws known facts about (complex) indecomposable twisted affine Kac-Moody Lie algebras g. In Section 3, the automorphisms and real forms of g are discussed, certain results from [11] , which allow simple proofs of the main theorems are recalled and some properties of the Cartan subalgebras of the almost compact real forms of g are studied. In Section 4, the e-Vogan diagrams are introduced, their equivalence relations defined and the main theorems are stated and proved. In Figure 2 and 3, the e-Vogan diagrams corresponding to non-isomrphic almost compact forms of g are given.
Convention. The complexification m ⊗ C of a real Lie algebra m will be denoted by m C . Given a finite order automorphism φ of a Lie algebra L, we shall denote by L φ , the fixed point subalgebra {x ∈ L | φ(x) = x} of L.
2 Kac-Moody Lie algebras §. 2.1. Let g be an affine Kac-Moody algebra over the complex field C. There exists a generalized Cartan matrix A = (a i,j ) i,j∈ [0,l] such that g = g(A) is generated by the Cartan subalgebra h and the elements e i , f i for i ∈ [0, l](cf. [5, Chapter 1] ). We have a decomposition g = h ⊕ ( α∈△ g α ), where △ ⊂ h * {0} denotes the root system of (g, h). Let π = {α i | i ∈ [0, l]} be the standard base of △. △ + = △ ∩ (⊕ i∈[0,l] Nα i ) denotes the set of positive roots and △ − = −△ + denotes the set of negative roots. The coroots (α 
• g =ġ 0 is a simple finite dimensional Lie algebra over C. Ifḣ denotes the Cartan subalgebra ofġ, then
• h =ḣ ∩ġ 0 is the Cartan subalgebra oḟ g 0 . We denote by g the infinite dimensional Lie algebra:
The Lie algebra structure on g is such that c is the canonical central element and
where x, y ∈ġ, λ, λ 1 ∈ C. The element d acts diagonally on g with integer eigenvalues and induces Z-gradation on l(ġ, µ, ε k ). The Lie algebra l(ġ, Id, 1) with µ = Id denotes a non-twisted affine Kac-Moody Lie algebra and l(ġ, µ, ε k ) for µ = Id and k = 2 or 3 denotes a twisted affine Kac-Moody Lie algebra. Clearly
,··· ,n be a system of Chevalley generators ofġ. The simple coroots
, n form a base ofḣ. Letω be the Cartan involution ofġ given bẙ ω(ē i ) = −f i ,ω|˙h = −Id andω 2 = Id. The simple roots in the baseπ ofġ are enumerated in a manner such that a system of representatives of the µ-orbits of {1, · · · , n} is {1, · · · , l}.
Since order of µ( = Id) is k(=2 or 3), therefore for any i ∈ {1, · · · , n}, the cardinality n i of the µ-orbit ofᾱ
2l where
,··· ,l is a system of Chevalley generators of the simple Lie algebra
be the highest weight of the irreducible • g-moduleġ 1 . Choose E 0 ∈ (ġ 1 ) −θ 0 and put
is a system of generators of g(A), the Lie algebra associated to a generalized Cartan matrix A (cf. [5, Theorem 8.3] ). A compact form u(A) of g(A) is defined as the fixed point set of g(A) under the compact involution ω defined onġ ⊗ C[t, t −1 ] as follows:
A graph S(A) called the Dynkin diagram of A can be associated to a generalized Cartan matrix (GCM) A as explained in [5] . A Dynkin diagram S(
by removing the 0 th vertex. The corresponding GCM
• A is of finite type and g(
g is a simple finite dimensional Lie algebra. It is clear that A is indecomposable if and only if S(A) is a connected graph. The matrix A is determined by the Dynkin diagram and the enumeration of its vertices. Figure 1 gives the Dynkin diagrams of the twisted affine Kac Moody algebras. The enumeration of the generators is the same as in [5] except in the case A (2) 2l , where the enumeration is reversed and the case A 
2l .
2l and θ ∈ (
for g of type Aff 2 or 3 and not of type A
2l . If a 0 , a 1 , . . . , a l are the numerical labels of S(A) as in Figure 1 , then the element δ ∈ h * is defined as, δ = l i=0 a i α i and we have,
The set Π = (α i ) i=0,1,··· ,l is a base of △.
For a root γ ∈ △, g γ denotes the root space of γ. For γ ∈ △ re , dim g γ = 1.
h and E ±α,±ks = e ±α ⊗ t ±ks ∈ g ±(α+ks) can be suitably chosen such that the C-span of
and h 3 Automorphisms and Real forms of g §. 3.1. Define a group G acting on g by the adjoint representation Ad:G→ Aut(g). It is generated by the subgroups U α , for α ∈ △ re , which are isomorphic to the additive groups g α by an isomorphism exp such that Ad • exp = exp • ad.
A Cartan subalgebra (CSA) of g is a maximal ad g -diagonalisable Lie subalgebra. The CSA's are all conjugate by G. A Borel subalgebra (BSA) is a completely solvable maximal subalgebra of g. b If g is indecomposable, all BSAs are either positive or negative.
An automorphism (linear or semi-linear) of g acts in a compatible manner to Ad on G and hence transforms two conjugate BSAs to two conjugate BSAs; it is said to be of first type (respectively second type) if it transforms a positive BSA to positive (respectively negative) BSA. If g is indecomposable, all automorphisms are either of first or second type. §. 3.2. Automorphisms of g: By [10] , the group of automorphisms of g is given by
where ω is the Cartan involution of g, Aut(A) is the group of permutations of [0, l] such that a ρi,ρj = a ij for i, j ∈ I, Int(g) is the set of interior automorphisms of g and T r = Tr(g, g ′ , c)
is the group of transvections of g as defined in [10, 2.4] .
Let h be a standard CSA of g. A groupH is defined as in [9] is such that in the complex case, Ad(H)=exp ad(h). The group Int(g) = Ad(H ⋉ G) of interior automorphisms of g is the image of the semi-direct product ofH and G. Its derived group is the adjoint group Ad(G) (denoted by Int(g ′ )). As G acts transitively on the Cartan subalgebra, the group Int(g ′ ) does not depend on the choice of h.
Definition. Let Aut R (g) denote the group of automorphisms of g that are either C-linear or semilinear(i.e., φ(λx) =λφ(x), ∀ λ ∈ C, x ∈ g). The group Aut(g) is normal in Aut R (g) and of index 2.
A semi-involution of g is a semi-linear automorphism of order 2. For all semi-involutions
Lie algebra g R = g σ ′ is a real form of g, in the sense that there exists an isomorphism of the complex Lie algebras g R ⊗ C C and g; further, σ ′ is the conjugation of g with respect to g R . Thus there exists a bijective correspondence between the semi-involutions and real forms. The standard normal(or split) real form of g is the real Lie algebra generated by e i , f i , α
n is the normal semi-involution ofġ and conj(P (t)) =P (t). σ ′ n commutes with the standard Cartan involution ω. The standard Cartan semi-involution ω ′ of g is the unique semi-involution of g such that
In the standard realisation of g, ω ′ induces on g ′′ the restriction ofω ⊗ ι ′ , whereω is the Cartan semi-involution ofġ and (SI2)) is said to be almost split (respy. almost compact) real form. The almost compact non-compact real forms are in one-one correspondence with the almost split real forms of g. Upto a conjugation, a classification of the almost split real forms was given in [4] and a classification of the almost compact real forms was given in [11] . §. 3.4. Cartan Involutions: Let σ ′ be a SI2 of g, and let g R = g σ ′ be the corresponding almost compact real form.
1. A CSI θ ′ that commutes with σ ′ is said to be adapted to σ ′ or g R . The involution
is the maximal compact subalgebra of g R . We also have the Cartan decomposition (into eigenspaces of σ) given by
2. A Cartan subalgebra h of g is said to be maximally compact for σ ′ (or g R ) if it is stable under σ ′ and if −σ ′ stabilises a base of △(g, h). Notation. In what follows,ṡ will denote a finite dimensional semisimple Lie algebra over C. §. 3.7. Adapted Realisation of g: Recall the following definitions from [11] :
Definition. Let σ be finite order automorphism of g of first type and h a maximally fixed Cartan subalgebra for σ. A realisation of g on which σ preserves the Z-gradation and for which h is the standard Cartan subalgebra is said to be almost adapted to (σ, h). An almost adapted realisation l(ṡ, ζ, ε m ) for (σ, h) on which σ commutes with the translation map T : x → x ⊗ t m , is said to be adapted to σ (respectively to (σ, h)).
Definition. Let σ ′ be finite order automorphism of g of second type, h a maximally compact Cartan subalgebra for σ ′ and σ an involution of first kind associated to the pair (σ
exists an involutionσ and a semi-involutionσ ′ ofṡ commuting with µ such thatσσ ′ is a Cartan semi-involution ofṡ, σ =σ ⊗ 1 and
It is known from [11, Proposition 3.4, Theorem 3.5 and Proposition 3.9] that given a finite order automorphism σ of first type (respectively σ ′ of second type) of g, there exists
realisations of g adapted to σ (respectively adapted to σ ′ ). §. 3.8. Let σ be an involution adapted to a semi-involution of second type σ ′ . Since σ is an involution of g of the first kind, by [3, Chapter II] upto an interior automorphism, either σ = ρH or σ = H, where ρ is a diagram automorphism of g = l(ġ, µ, ε k ) and H is an interior automorphism of g of the form exp iπad(h 0 ), 
2. If η is odd and k = 2, then the interior involution H induces on g ′′ the automorphism t k → −t k and H in this case acts on the adapted realisation l(ġ×ġ, ζ, ε 2k ) of g, with ζ(x, y) = (y, µ(x)).
Each diagram automorphism of a twisted affine Kac-Moody algebra
where A is the algebra generated by the translation maps T ± : x → x ⊗ t ±m . §. 3.10. Let σ ′ be a semi-involution of second type of g and let g R = (g) σ ′ be the corresponding almost compact real form of g. Let ω ′ is a Cartan semi-involution of g adapted to
) is a positive definite hermitian form on g R and given X, Y, Z ∈ g R , we have:
Since for all X ∈ g R = g σ ′ , σ ′ X = X, therefore with respect to B ω ′ , we get
This implies that for X ∈ k = g σ , adX is skew-symmetric with purely imaginary eigenvalues and for X ∈ p, adX is symmetric with real eigenvalues.
Let l(ṡ, µ, ε m ) be a realisation of g adapted to (σ ′ , σ, h) whereṡ is a complex semi-simple Lie algebra. Letṡ R be the real form ofṡ corresponding toσ ′ , and letṡ R =k ⊕ṗ be its Cartan decomposition with respect toσ.
Lemma 3.11. With the above notations, let l(ṡ, µ, ε m ) be a realisation of g adapted to (σ ′ , σ, h) andṫ a µ-stable maximal abelian subspace ofk = (ṡ R )σ. Then Zṡ R (ṫ) is aσ stable subalgebra ofṡ R of the form Zṡ R (ṫ) =ṫ ⊕ȧ, whereȧ ⊂ṗ and h
Proof. Sinceṡ is a finite-dimensional semisimple ie algebra over C, by [6, Proposition 6 .60], Zṡ R (ṫ) is aσ-stable Cartan subalgebra ofṡ R of the form Zṡ R (ṫ) =ṫ ⊕ȧ, withȧ ⊂ṗ. The complex Lie algebra Z = Zṡ R (ṫ) C being a Cartan subalgebra ofṡ, is a µ−stable reductive subalgebra ofṡ. Consider the infinite abelian subalgebra of g
As Zṡ R (ṫ) is stable under the linear involutionσ,σ(x) ∈ Z for x ∈ Z. Hence z ′′ is σ-stable and consequently we have z
12. Let g R be an almost compact non-compact real form of g corresponding to the SI2 σ ′ , l(ṡ, µ, ε m ) a realisation of g adapted to σ ′ , σ a Cartan involution associated to σ ′ and
with (ṫ) µ ⊂k and (ȧ) µ ⊂ṗ be a σ−stable Cartan subalgebra of an almost compact real 
Hence σα(H) = α(σ −1 H) is the root. If α is σ-imaginary, then σα = α. In this case, g α is σ-stable, and we have
As σ(δ) = δ, all the imaginary roots are fixed by σ, and hence are σ-imaginary. §. 3.13. Let α ∈ △ re be σ-real. Since σα = −α, ω ′ (α) = −α and σσ ′ is a Int g-conjugate
eigenvalues. For X ±α ∈ g ±α and H ∈ h σ ′ , we have,
By suitably scaling E α and E −α we can find E α ∈ g α , E −α ∈ g −α and H α ∈ h σ ′ such that
From the definition of the Cartan semi-involution and the Cartan involution σ adapted to σ ′ it now clear that σ(E α ) = −E −α and σ(E −α ) = −E α . Hence E α − E −α ∈ k. Corresponding to such a σ-real root α define an automorphism D r α as follows:
Following similar calculations as done in [6, Proposition 6.52], we get D
By suitably scaling E α and
From the definition of the Cartan semi-involution and the Cartan involution σ adapted to σ ′ it now clear that σ(E α ) = E −α and σ(E −α ) = E α . Hence i(E α + E −α ) ∈ k. Corresponding to such a σ-real root α define an automorphism D i α as follows:
Similar calculations as in [6, Proposition 6.52], show that
α decreases the dimension of (ȧ) µ ⊗ 1 by 1; 
Remark 3.15. As a consequence, we have h
where (p γ ) γ ⊂ h is the dual basis of the real roots. Clearly (h ∩ k) ⊕ i(h ∩ p) is a maximally compact Cartan subalgebra of g R .
4 Extended Vogan Diagrams §. 4.1. Let g R be an almost compact real form and σ ′ be a semi-involution of second type associated to g R . Let σ be a Cartan involution adapted to σ ′ and g R = k ⊕ p the
maximally compact Cartan subalgebra of g R . By Lemma 3.14, h R does not have any σ-real roots. Choose a positive system △ + for △(g, h), built from a basis of i((ṫ) µ ⊗ 1) followed by a basis of (ȧ) µ ⊗ 1. Since σ| i(ṫ) µ ⊗1 = Id, σ| (ȧ) µ ⊗1 = −Id and h R contains no σ-real roots,
Thus σ fixes the σ-imaginary roots and permutes in 2-cycles the σ-complex roots.
A Vogan diagram of the triple (g R , h R , △ + ), is a Dynkin diagram of △ + with the 2-element orbits of σ so labeled and with the one element orbit painted or not, accordingly as the corresponding imaginary simple root is noncompact or compact. An extended Vogan diagram of (g R , h R , △ + ) is a Vogan diagram of the triple in which the underlying Dynkin has numerical labels as given in Figure 1 (Section 1).
In short we shall refer to an extended Vogan diagram as the e-Vogan diagram. §. 4.2. The Cartan involution σ, is an involution of first kind. Let the realisation l(ṡ, ζ, ε m ) of g be adapted to σ. By 3.8, σ is of the form ρ
is a dual basis of the base (α i ) i∈ [1,l] 
Hence σ is of one of the following forms:
Since α i (p j ) = δ i,j for i, j ∈ {0, 1, · · · , l}, it can be easily seen that,
If the realisation l(ṡ, ζ, ε m ) of g is adapted to σ, then ζ ⊗ 1(e 0 ) = −e 0 and ζ ⊗ 1(e i ) = e i for i = 0. By Lemma 3.13,ḣ ζ is the Cartan subalgebra of l(ṡ, ζ, ε m ) ′′ and exp iπad(p 0 )|˙h ζ = Id = (ζ ⊗ 1)|˙h ζ . Since {e i , f i } i∈[0,l] andḣ ζ generate g, we get:
Also we have, α i (
, using Equation (4.1) we get:
Thus it follows from Eqn (4.1) and Eqn (4.2) that for i ∈ {1, 2, · · · , l}, Consequently the following e-Vogan diagrams are equivalent:
In Example 3, "the equivalence relation 2" gives r 1 (α 2 ) = α 2 + α 1 and r 1 (α 0 ) = α 0 and hence the final diagram is a consequence of the fact that
Remark 4.5. As a consequence of §4.2 and the equivalence relation between the e-Vogan diagrams, there exists a base Π ′ of a twisted affine Kac-Moody algebra g with corresponding positive root system △ ′ such that the e-Vogan diagram associated to (g R , h R , △ ′ ) has atmost two painted simple roots. i.e., every e-Vogan diagram is equivalent to one with atmost two painted simple roots.
Definition. An abstract e-Vogan diagram is an irreducible abstract Dynkin diagram of a twisted affine Kac Moody Lie algebra indicated with the following additional structures: 1. A diagram automorphism of order 1 or 2, indicated by labeling the 2-element orbits. 2. A subset of the 1-element orbits, indicated by painting the vertices corresponding to the members of the subset. 3. The vertices of the Dynkin diagram have enumeration as given in Figure 1 .
Every e-Vogan diagram is of course an abstract e-Vogan diagram.
Theorem 4.6. Let an abstract e-Vogan diagram for a twisted affine Kac Moody Lie algebra be given. Then there exists an almost compact real form of a twisted affine Kac Moody Lie algebra such that the given diagram is the e-Vogan diagram of this almost compact real form.
Proof. It is known from [5] , that a GCM A can be uniquely associated to Dynkin diagram S(A) and its enumeration of vertices. By By Proposition 3.6, there exists a one to one correspondence between involutions of first kind σ and the pairs (σ ′ , h) formed of a semi-involution of second type σ ′ . If the involution of g(A) of the first kind σ, can be extracted from the additional structural information superimposed on the e-Vogan diagram, then one can associate to the e-Vogan diagram an almost compact real form of a twisted affine Kac-Moody Lie algebra. We shall now prescribe an algorithm to associate an involution of the first kind σ to a given e-Vogan diagram.
Let V (A) denote a e-Vogan diagram of g(A). By Remark 4.5, V (A) is equivalent to a e-Vogan diagram of g(A) with atmost two painted simple roots. 1. If V (A) has no painted simple roots and no 2-element orbits, then it corresponds the compact form u(A) of g(A) and σ = Id in this case. 2. Suppose V (A) contains no 2-element orbit.Then:
th vertex is painted.
• σ = exp iπad(p i ), for i ∈ [1, l], if only the i th vertex is painted.
• σ = exp iπad(
, if a i is odd and the 0 th and i th vertices are painted. • σ = ρ, if no vertices are painted.
The association of σ with V (A) thus completes the proof of the theorem. Remark. Owing to the definition of the equivalence relation between e-Vogan diagrams, to prove the theorem, it suffices to show that two almost compact real forms having the same e-Vogan diagram are isomorphic.
Proof. Let g 1 and g 2 be two almost compact real forms of g having the same e-Vogan diagram. As they both have the same Dynkin diagram with the same enumeration on the vertices, the generalized Cartan matrix A associated with g 1 and g 2 is the same. Thus the unique twisted Kac-Moody Lie algebra g = g(A) is the complexification of g 1 and g 2 . By Proposition 3.5 there exists Cartan semi-involutions ϑ 1 , ϑ 2 adapted to g 1 and g 1 respectively. Let u j = g ϑ j , for j = 1, 2, be the corresponding compact real forms of g. Let σ be the involution represented by the e-Vogan diagram. Then for j = 1, 2, σ| u j = ω ′ j is the corresponding Cartan involution on u j . Since by [10, Theorem 4.6] all Cartan semi-involutions are conjugate by Int(g), there exits x ∈ Int(g) such that xϑ 1 x −1 = ϑ 2 and consequently x.u 1 = u 2 . As x.g 1 is isomorphic to g 1 , without loss of generality we may assume from the outset that u 1 = u 2 = u and we have ω ′ j (u) = u, for j = 1, 2.
Let h 1 = t 1 ⊕ a 1 and h 2 = t 2 ⊕ a 2 be the Cartan decompositions of the Cartan subalgebras of g 1 and g 2 respectively, where for j = 1, 2, t j and a j are respectively the +1 and -1 eigenspaces of σ in h j . Consequently, for j = 1, 2, t j ⊕ ia j is a maximal abelian subspaces of u and by Remark 3.15, t j ⊕ ia j , is a maximally compact Cartan subalgebra of u. Hence by [10, Proposition 4 .9c], they are conjugate by an element k ∈ Int(u). Replacing g 2 by kg 2 and arguing as above we may assume that t 1 ⊕ ia 1 = t 2 ⊕ ia 2 . Thus t 1 ⊕ ia 1 and t 2 ⊕ ia 2 have the same complexification, which is denoted by h.
Now the complexifications g and h have been aligned and the root systems are the same. Let the respective positive root systems be given by △ 
Case 1: Suppose h R has no σ-complex roots. As the e-Vogan diagram for g 1 and g 2 are the same, the automorphisms of △ + defined by ω ′ 1 and ω ′ 2 have the same effect on h * . Thus,
If α is a simple σ-imaginary real root then 
Case 2: Suppose there exists σ-complex simple real roots in g 1 and g 2 . Let ρ denote the diagram automorphism of S(A). In this case the σ-imaginary roots are treated as in Case 1. If for all σ-complex roots γ ∈ △ re there exists X γ ∈ g γ and constants a γ , b γ such that Figure 1 , that for g of type Aff k, k = 1, σ-complex roots exist only when g of type A
, where e α ∈ (ġ) α . As e α ⊗ t ks ∈ l(ġ, Id, 1), by [1, Theorem 5.2(Case 2)], Eqn (4.9) is satisfied in this case. However problems can arise if a σ-complex root γ ∈ △ re is a short root. Note that the only short σ-complex simple roots are the following:
ℓ+1 ; (4.10)
If g α 0 = CE α 0 and g α j = CE α j , for α j a simple short root of g, then we have,
Since for appropriate j(as explained in Eqn(4.11)), ω
Claim: a
Thus if we prove the claim, then Eqn (4.9) will be satisfied for all σ-complex short simple roots and that will complete the theorem.
Proof the claim:
Recall that ω ′ 1 and ω ′ 2 are restrictions of the involution σ to the compact forms u 1 and u 2 adapted to g 1 and g 2 respectively. Since for j = 1, 2, the Cartan σ is adapted to both g j and the realisation l(ġ, µ, −1) of g is adapted to (g j , σ, h), by [11, Proposition 3.5] there exists Figure 6 .2], we conclude that the non-isomorphic almost compact non-compact real forms of a twisted affine Kac-Moody algebra correspond to the e-Vogan diagrams given in Figure 2 and Figure 3 . 
